8 2 Natwal Nuwbers
Me : What is 2

Mo 85

Me : What is 272

Mo 85 8D

Me \:JL\ta l+ =27

tiom: 65 + 65 - 6 &

Set - theoretical de.flvx\-biovx cf N
v ldea:

"Def'w\'rlciovx 2.1

Gven a set = deftne. x = 2 0OBY called successor cf = .
s <0 HA

(C NNERTE o WNETE S UVE POt e\

How %o wnderstand ¥ 2
< = xou i} =-bakiv%-tl«e, sekt x. and ae\div\% an extra cement

'T‘v\erefure,xef ard x e !

bcf'\mﬂ:'lovx 2.2

A set R ¥k sad %o be a Successor set lf and ov\laf

qSeS and 'for all =, «f xe8S ,tdren eS8,

CAxiom cﬁ Mfiv«-ba %mrzmbaes “he existence of a Successor seb )



'Prbrosrbim 2.1

There exists a w\i%ue successor set Haat s a  Subset cj evex\a Successor et .

xeS > e 56N eS > -

Successor <efs

- ~\

defive o be N
The natival numbers are deﬁv\ed recws‘welna_ E‘g_ let(:iv\%
o=¢ 11
l=o" = oufol=cpuidl=idt-{iol
1o LEB1Y = £, 1§33 = fo, 3

fp. P33 0 il 1333 =, i3 . {¢p. 333 = fo, 1,23

* Lo 13

)
"
"

3 =2 = 20 M

nit= W =noinl = {o,(,2,..-,n} *2e3=fo,1.23
Giviv% e Sam\oo\s (,2,3...- Some Me,av{mca as sebs. e fo,3=223={0.1.23
Elana nabnml vuber 1s defivxed as a set whidh contains

all Frec:eﬂwg natural numloers .

We havent dg?v\e what “s” and "< are , bt here s Sowueﬁ'\‘\v% we. can obsenve :
m=fo,,2, - m-3, n={o,1,32,--.,n-13

D m'<'n rf men  (and we know nzn and then we should have nen!)

D m<n lj men  (bit we kinow nén and then we shoud have nén )

K mebivates ws how o dzflv\e "' and <" (Discuss later 1)

BResides 8ivin% a dejz'wi-hievx cf N, we have *o shouws our model lhas -dre Fvurerbes or
sbructivres (e.%. +,%,€,<) oS we exTe::teA!




Theorem 2.1
1) oe N
2) lf neM  dren there exists a vnigue naburl vwmber nt which is “the  successor cf n.
ldea : Do nst allow wm=n~ ot
4+
o o

3) For all neN , W#o.

(dea : Do net allow o@

4) (f Wa=m'  then n=m.

ldea : Do nst allow "o

5) (Mathematical lnduction) g SeN sudr drat
)y oeN and ('d)'f nel |, then neS
“hen S=N .

W-G),»B) are divect Conse%m of elef‘m‘r&ion f N .

@ velies on the eowi lemma .
i $olowing

Lemma 2.1

For each natural number v,

D n s a set csg natuwral number

z)evara element. cf n is alse a subset s)evx,a.vd

2 ngn.

prsf

PfFFl\aiv\% wathematical induction and let S be Hhe subset cf N whese. elewents sabsf\a )
h O =¢peS (¢ costuins no elemest which s nsk a nabwal Number )

iid fneS, n s a set o§ natural numbers |, so "fanou{ml is alse a set of natral numbers,

ie. e

. S=N.




Let T be Hhe subset cj N whose elewments Sahs‘fta Q).
(¢} oscp €T
i (.)E neT, 'rsxeri"= no{nd , then xen or xefnl ,
assuthbn
case 1: xen , then xénenu{n’uv{"

case 2: xefn}, then w=ncnoini=n"

S T=NL

Let O be the subset of N whese elewments Sctﬁ’ﬁfaa).
i)y © =4> <L
cii> 52 nel , ie nén

Suﬂ»se_ Werd -noiny, by &)

case 1: nWen , then nuint-= n'f'évx. (Conbradiction)

assuw o
d,
case 2. eln}, then W=n and so v'\"gn.ﬁn-vi* (Contradiction)
V\'."¢v'\'r . ile. e

Lo U=N.

chf oj ) cS “theovem 2.0

Suﬂ»se. ment, we have memoimt =mtz =z notm . Slw\ilavlca nemoimt.
case |:m=n

case 2:men and new, ’otg lewwma 2.1, mesn. and nem . m=n

'Prurcs‘r(:‘uon 2.2

0 Ij nel , then nfnt.

2) § neN and ngo, then there exsts a wique me N sudh Hrab n=m",
in Hais case, we write nam+i ad m=n-L.

P

1) Since ndn fbr all neN ., n is a proper subset cf n=nofl and so nfat

2) Prove bxa mathematical  induction.




Order Relation of Netwal Numbers .

~D¢§'\V\i'€lom 23

et m,nelN .

n is said o be gnza'ﬁer “*han or e%ual +o m if men , ad we dencte tt ba msn.
n i said o be grwea'ﬁer- than m 'f msn and mEn, and we dencte t ba m<n.

_W\erefvre,m<vx?fm isaProFev-sm\osebcfn.

Imediate. Consequence fmw\ “dhe above deﬁvﬂ'tiov\ and -Fv-a]:et—bes cf s .
'Rrvros'r(:icm 2.3

Let W\,V\,'FQN

1) O<n

2) mgn and nswm ufa.ml ov\\.a:j men
3) lj msn and ns‘P,-Hr\en ms']:.

—Pn:vrce’rbion 2.4 / Exercise 2.\

Le:t W\,neN.
D men' \f and on\a ;f ms<n.
2) wmsn lf'cmd on\«anf m<n.

Then m<n & mtsn e mz=mofm}sn & men

_nr\erefore , -for al neMN ., n={meN : ment .

Let mneN. Fom the clefiv\rtiov\ cj< IJE mz=nn_is true , then m<n and nem are false

lS Mfﬂ,'ﬁ’bm 2) cf- 'Pmrosr(:ion 23, we have m<n or n<wm. Sv\ﬂ:,ose that both man and nem
are true. , men = mtsn and nem = rrsm . _nr\e.rejve mo{mt = mfenerism = mem

whidh covbradicts to 2) of lemma 2.1

Ps a vesutt, m=n, men and nem are exclusive cases !

Question : (f m,n are %j\/en , can -El/\ela a\wa.as be Cowerar‘ed 2




Theorem 2.2 (Law aj Tﬁckcr&.oma)

Let m,nelN |, then emctlna one oj “the fb“ow'm% ‘tharee statement 1§ true:

M m=n ., Q) n<m , @) m<n.

prof -

Let S be the subeset c:f N whese. elewents sa:bsfta the above .

() Lek m=0 and neM.

|-3l n:=o, then msn:o . Also n<m and m<n av-e—fnlse s both wm.n are sty
l—f nfo lie. m=n is false), Since. o=n fm— al neMN , we have osn (ie. m<n).
..oeS.

(i) Swﬂ>ose Hrak meS. Let nem.

Case (: nsm = n<mt (1) cf Pmrasrhovx 2.4 )
Case 2: wm<n = mtzn () crf ?wros\‘bnon 2.4 )

~wmeS.

.o S=N.

Theorem 2.5 (Well-ordering propecty)
E\le.ﬁa V\ov\-E.vtha subset ™M of N cowtains a least element , ie. there exists neS suda that
-jw al meM, we have n<m.
prosfs
'Defne L={xen. ey For _all uaeM’&.
Note : D 0el ,so Lfg.
2) Mg, let meM, then m<m™ and so m"'fl_ Lo L#n
(CMEchsi-&we. cfb 5) cj theorem 2.1 =5 Hhere exsts sel. but 3*7! L.
Sel.>S<m fov- all meM
Claim :SeM..

Svﬂ»se net , -then S<y fora.ll \aeH and so Stswm fora.ll \aeH whidh means stel (Cowbradiction).




Avrithmetic of Natiwal Numbers

bzfin?&ion 2.3 (Addrtion oﬁ Natwal Nuwbers )
lf m.neN,

1) m+0o =m

2) wtwn = (man) .

Emwrr\e |
[+ = I+O+=(l-\-0f= l+=1

“+
243 =24t e (31) = (24 - (o)) = @Y 4" .5

"R@Fos'rtiovx 22

) (Associa:bw'rha) For all wm, w.pe N (men) 4P = I+ latp)
2) (Existence cf ld@t&hg) For all meN , m+to=oc+m=m .
) ccammmwnaw For all m,meMN ., mtn=ntm.
-E:m'l:ive L;g induction on P
@ When p-=o.
(m+vx)+"> =Mtn)+o =m+n
w\+(m+1>) =m+(n+o) = Mmn,
@ SwH:ose that (W\+V\)+I>=W\+(V\+1>) .

(M+V\)+">+ = ((m+n) +-F)+ = (m-\-(vx+]>))+= m-+ (y\+-F)* = m+ (vx-\-];)

2) mio=wm Cbeﬁiv\'rbiov\)
Prove that o+m=m ‘o«a induction on m.
® When m:=0,
O+M=0+40:=0=m
® Svcﬂzmse Hrat Cxma=m,

+
O+ = (0+m) = m'



2)  Prove -the %Fe.ctal case. mil=tltwa L:.qa induction on m .
@ \.\)‘I\QI\ Mm=0,
O+l=(+0

® SwH»se Haak mal=t4m

= (w\+o")*+\ =M+t =+ D+l =Uem)+t = [+ ) = (+(m+') = L+ m+o) = 14w’
Prove e 8eyxevul case Wmin=n+w bla induction on =0 .

O \Wen n=0,

M+0O =0+m C&a_ 2)

® Swrrose Haak wmrn=n+wm,

men' = me+) = men)+ = (tmd+l = [+ +m) = (1+n)+m = (At +m = W +m

bcf'\vfrelovx 2.3 (Mu\\-b'Flteaﬁovx cﬁ Nabaal Nuwmbers )
lf m.ne N,
1) mx0 =0

2) Wax W o= waxia 4w

EwMF\e 2.2

x|z 4xG = lhxo+l =0+l =k

4x2=4x 1T bax\+4 = 444=8

-onros'rtiom 23 / Exercise 2.1

0 (Associa:b‘wi'tna) For all m, npe N, (mxn)xp = W s p)

2) (BExstence of lqlewb-haU For all meN |, mxl = (xm=m .

2) (Comm\x(:aﬁv\'ba) For all m,meMN , mxn=nxm.

) ('Disbributbi\/rb&) For all m.n.pe N, (men)=p = Mxp +Axp and Prlomsn) e prmtpun .



